Abstract. Let (Z, D) be a pair of a smooth surface and a smooth anti-canonical divisor. Denote by M β the moduli stack of genus 0 relative stable morphisms of class β with full tangency to the boundary. Let C 1 and C 2 be rational curves fully tangent to D at the same point P and assume that C 1 and C 2 are immersed and that (C 1 .C 2 ) P = min{D.C 1 , D.C 2 }. Then we show that the contribution of C 1 ∪ C 2 to the virtual count of
Introduction
In most of recent study of enumerative geometry, one mainly deals with invariants defined from certain compactified moduli spaces rather than naive counting invariants, since the former is better-behaved in theoretical frameworks. A typical example is that of Gromov-Witten invariants, which is defined from moduli spaces of stable morphisms.
To go from the naive counting to the moduli theoretic invariants, or in the other direction, one has to calculate the contribution from the degenerate objects. In the case of Gromov-Witten invariants of a Calabi-Yau 3-fold X, multiple covers must be taken into account. For example, if C is an infinitesimally rigid smooth rational curve in X, then the d-fold covers of C contribute 1/d 3 to the genus 0 Gromov-Witten invariant of class d [C] ( [AM] , [M] ).
There is a variant of the Gromov-Witten invariant, called the relative GromovWitten invariant( [IP] , [LR] , [L2] ), which corresponds to enumeration of curves on an open variety, or curves on a projective variety satisfying certain tangency conditions to a 'boundary' divisor. An interesting case is that of a log Calabi-Yau surface, i.e. a pair (Z, D) of a smooth projective surface Z and a normal crossing divisor D such that K Z + D ∼ 0. In this case, the first type of curves to consider are those curves C such that the normalization of C \ D is isomorphic to A 1 . Let us call them rational curves with full tangency to D, and the corresponding moduli theoretic invariant the genus 0, full tangency relative Gromov-Witten invariant. The expected dimension of the moduli space of such curves is 0, and so one would like to know what the relative Gromov-Witten invariants are. In the case of (P 2 , (cubic)), all the genus 0, full tangency relative Gromov-Witten invariants were calculated in [G] . In [GPS] , the relative Gromov-Witten invariants of blown-up toric surfaces were related to the tropical vertex.
Concerning the relation with the naive counting, the multiple cover formula was worked out in [GPS, Proposition 6 .1].
Proposition 1.1. ( [GPS, Proposition 6 .1]) Let C be an immersed rational curve with full tangency to D and write w = (C.D). Then the contribution of d-fold covers of C to the genus 0, full tangency relative Gromov-Witten invariant of class d[C] is
For the relative Gromov-Witten invariants of log Calabi-Yau surfaces, we often have another kind of degenerations, namely reducible curves. Example 1.2. Let E be a smooth cubic curve, and let us consider the relative GromovWitten invariants of (P 2 , E). Let P ∈ E be a flex. Then the tangent line L to E at P is a rational curve with full tangency to E. If E is general, we can show that there are two nodal cubic curves C 1 , C 2 with full tangency to E at P . Then, L ∪ C 1 and L ∪ C 2 can contribute to the genus 0, full tangency relative Gromov-Witten invariant. Example 1.3. Let us look at an example related to [GPS, Examples 6.4] . Let D 1 , D 2 and D out be the coordinate lines of P 2 , and take general points x i1 , x i2 , x i3 ∈ D i (i = 1, 2). Let P = (P 1 , P 2 ) be a pair of ordered partitions of a positive integer p out into 3 parts, i.e. P i is a triplet of nonnegative integers p i1 , p i2 , p i3 with 3 j=1 p ij = p out . We write P i = p i1 + p i2 + p i3 . Let X
• [P] denote the blow-up of P 2 \ {(1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1)} at x 11 , . . . , x 23 (and so, it is in fact independent of P), D
• out the proper transform of D out , H the pullback of a line and E ij the exceptional curve over x ij .
Consider the moduli spaceM(X • [P]/D
• out ) of genus 0 relative stable morphisms of class p out H − p ij E ij with full tangency to D
• out . Although X is not compact, this moduli space is compact. Its virtual Euler characteristic is a kind of relative Gromov-Witten invariant, and we denote it by N m [P 1 , P 2 ], where m = ((1, 0), (0, 1)) corresponds to the base surface P 2 . The calculation in [GPS, Examples 6.4] gives N m [1 + 1 + 1, 1 + 1 + 1] = 18. There are three points P 1 , P 2 , P 3 on D out at which a cubic through x ij can be fully tangent to D out . By considering the monodromy, we see that for each k there are 6 rational cubics corresponding to elements ofM(X • [1 + 1 + 1, 1 + 1 + 1]/D
• out ) that touch D out at P k . Now, if we take such curves C 1 and C 2 through P 1 , then C 1 ∪ C 2 can contribute to N m [2 + 2 + 2, 2 + 2 + 2].
Thus we need to know the contributions from relative stable morphisms with reducible image curves. The following is our main theorem. Theorem 1.4. Let (Z, D) be a pair of a smooth surface and a smooth divisor. Denote by M β the moduli stack of genus 0 relative stable morphisms of class β with full tangency to D.
Let C 1 and C 2 be curves satisfying the following:
(1) C i is a rational curve of class β i with full tangency to D, (2) (K Z + D).β i = 0, (3) C 1 ∩ D and C 2 ∩ D consist of the same point P , and (4) f i are immersive and (C 1 .C 2 ) P = min{D.C 1 , D.C 2 }. Then there exists a unique point [f ] ∈ M β 1 +β 2 whose image in Z is C 1 ∪ C 2 , and it is isolated with multiplicity min{D.C 1 , D.C 2 }.
The plan of this paper is as follows. In §2, we recall the definitions and facts related to relative stable morphisms from [L1] . The main theorem is proved in §3. In §4, we calculate the number of rational quartics with full tangency to a smooth cubic, and confirm that the multiple cover formula and our formula give the correct relative Gromov-Witten invariant.
1.1. Acknowledgment. The author thanks Rahul Pandharipande for discussions on relative Gromov-Witten invariants which motivated this work.
Relative stable morphisms
In this section, we recall some definitions and facts about relative stable morphisms from [L1] .
Let Z be a smooth projective variety and D a smooth connected divisor in Z. Consider the morphism
We skip the precise definition, and only state the following properties.
(1) Z[n] is equipped with a proper birational morphism Z[n] → Z × A n , and the family Z[n] → A n is flat and proper. We denote by ϕ :
(4) If k components of t = (t 1 , . . . , t n ), say t l 1 , . . . , t l k , are zero and the others are nonzero, then the fiber Z[n] t over t can be written as
and it corresponds to D 0 (resp. D ∞ or D) under the isomorphism of ∆ i and ∆ (resp. ∆ i+1 and ∆ or Z). 
and ∆ i (resp. ∆ i+1 ) is defined by w 1 (resp. w 2 ).
Definition 2.1. (1) Let S be a scheme. A family of expanded relative pairs of (Z, D) over S is a pair (Z, D) equipped with a morphism Z → Z × S, such that the following holds: Z is a scheme, D is a closed subscheme of Z, and there exist an open covering S = S α , natural numbers n α and morphisms
When two families (Z 1 , D 1 ) and (Z 2 , D 2 ) over the same base S are given, an isomorphism of these families means an isomorphism over Z × S.
If ξ = (Z, D) is a family over S and ρ : T → S is a morphism, the pullback ρ * ξ is defined as the family (Z × S T, D × S T ) over T .
(2) Let Z rel be the category defined as follows. An object of Z rel is a family of expanded relative pairs of (Z, D) over some scheme S. If ξ i (i = 1, 2) are families over S i , a morphism ξ 1 → ξ 2 is a pair of a morphism ρ : S 1 → S 2 and an isomorphism
Proposition 2.2. Let p : Z rel → Sch be the functor which sends a family over S to S. Then (Z rel , p) is a stack.
Relative stable morphisms and their moduli([L1, §4.2]).
Definition 2.3. An admissible weighted graph Γ is a finite graph with vertices V (Γ) and no internal edges, along with • an ordered collection of external edges, called legs,
• an ordered collection of weighted external edges, called roots, and
• two weight functions g : V (Γ) → Z ≥0 (genera) and b : V (Γ) → A 1 (Z)/ ∼ alg (degrees), such that the graph is connected when all roots are considered as connected.
An isomorphism of graphs is a bijection between the sets of vertices, legs and roots preserving adjacency, weight functions on vertices, the orders of legs and roots, and weights of roots.
Let l, k and r denote the number of vertices, legs and roots and write v 1 , . . . , v l for the vertices and µ 1 , . . . , µ r for the weights of the roots.
Remark 2.4. In this paper, we will only use the case with one vertex of genus 0 and one root.
Definition 2.5. Let S be a scheme and Γ an admissible graph. An S-family of relative stable morphisms to (Z[n] 
, where (1) X = X 1 · · · X l , where X h is a family of (connected) prestable curves of genus g(v h ) over S. (Note that the ordering of X h is determined by the next condition since either l = 1 or each vertex has at least one root attached.) (2) Q i : S → X and P j : S → X are disjoint sections to the smooth locus of
The morphism f | X h together with marked sections in X h is a family of stable morphisms to Z[n]. We call Q i the distinguished marked sections and P j the ordinary marked sections.
A and writeR for the (z 1 , z 2 )-adic completion of R.
Let ψ : k[t] → A be a homomorphism and regardR as a k[t]-algebra by the induced homomorphism. Then a k[t]-homomorphisms ϕ : k[w 1 , w 2 ] →R is said to be of pure contact of order n if, possibly after exchanging z 1 and z 2 , one has
.2]) Let S be scheme over A n , X a disjoint union of families of prestable curves over S and f : X → Z[n] a morphism over A n . Then f is called predeformable if the following hold.
For any l ∈ [1, n] and R ∈ f −1 (B l ), let b ∈ S and t ∈ A n be points below R and write P = f (R). Let w 1 and w 2 be formal functions near P as in the description of Z [n] . The first requirement is that R is a node in X b . Choose formal functions s on S and
Remark 2.7. (1) The definition of predeformablity does not depend on the choice of s, z 1 , z 2 , w 1 and w 2 . If they are regular functions, one may take β 1 , β 2 ∈ O (3) If S = SpecC, the condition is as follows. If f (R) ∈ B i = ∆ i ∩ ∆ i+1 , then R is a node, the two branches at R map to ∆ i and ∆ i+1 , and the pullbacks of B i to the two branches have the same order at R. 
is an object of Z rel (S) and • f : X → Z is a morphism over S, such that there exist an open covering S = S α , natural numbers n α and morphisms S α → A nα satisfying the following properties:
be another S-family of relative prestable morphisms to Z rel of type Γ. An isomorphism from ξ to ξ ′ is a pair (r 1 , r 2 ) consisting of
• an isomorphism r 1 : X → X ′ over S compatible with marked sections, and
(3) The family ξ is called stable if its local representatives (f, X , (Q i ), (P j )) × S S α are predeformable and the group of automorphisms of ξ b is finite for any closed point b ∈ S. 
• there is given a one-to-one correspondence v → X v between vertices of Γ and connected components of X, • Q i (resp. P j ) is a smooth point of X which is contained in X v if i-th root (resp. j-th leg) is connected to v,
Proof. Actually, this is proved in the course of the proof of the previous theorem. See the proof of [L1, Theorems 2.11 and 3.10] .
Proof of the Main theorem
Let us prove Theorem 1.4.
3.1. Genus 0 relative stable morphisms with full tangency. Let us first prove some basic facts about genus 0 relative stable morphisms with full tangency. Let Z be a smooth surface and D a smooth connected divisor on Z.
Definition 3.1.
(1) For an algebraic class β of dimension 1 on Z with D.β > 0 and a non-negative integer k, let Γ β,k be the admissible weighted graph as follows.
• Γ β,k has only one vertex v with g(v) = 0 and b(v) = β.
• Γ β,k has k legs, and has one root of weight D.β. Let Γ β = Γ β,0 . We define M β to be M(Z rel , Γ β ) and refer to their points as genus 0 relative stable morphisms of class β with full tangency to D.
(2) We write M To explain what a relative stable morphism f in M β \ M
• β looks like, we consider the following combinatorial data.
Definition 3.2. For a nonnegative integer n and a positive integer r, let G n,r be the set of isomorphism classes of triples (G, λ, ρ) , where
• G is a finite graph with the set of vertices V (G), and
. . , n + 1} and ρ : {1, 2, . . . , r} → V (G) are maps, which satisfy the following:
(1) If we denote λ −1 (j) by V (G) j , then V (G) 1 consists of one vertex, and ρ induces a bijection between {1, 2, . . . , r} and V (G) n+1 .
(2) G has no loops. Every vertex v ∈ V (G) j is adjacent only to vertices of V (G) j±1 .
Write v w when v and w ∈ V (G) j−1 are adjacent. If j > 1, there exists a unique vertex w with v w. If j ≤ n, there exists at least one vertex u with u v.
Then we have the following.
(
(4) There exist an element (G, λ, ρ) of G n,r and a bijection I : V (G) → {1, 2, . . . , r+ s} such that the following hold. For brevity, write
Let G be a graph whose vertices are in one-to-one correspondence with {X 1 , . . . , X r+s ′ } and whose edges correspond to intersection points. By the predeformability, each f (X v ) is contained in exactly one of ∆ j . Define λ and ρ so that they satisfy
The assertions (4a) and (4b) are clear from the definition. We have to prove (1), (2), (3), (4c) and
and "the lower boundary"
Proof.
(1) This follows from the assumption that X does not dominate D.
and there would be an irreducible component Y which intersects
In particular, the assertion (1) holds. From the condition that f −1 (D[n]) consists of one smooth point Q, it follows that there is a unique vertex, say v 1 , such that f (X v 1 ) ⊂ ∆ 1 . Combining this with the definitions of λ and ρ, we see that the condition (1) of Definition 3.2 is satisfied.
From the configuration of
, then it is also on a component of X w with w ∈ V (G) j−1 (resp. w ∈ V (G) j+1 ) by the predeformability. Going up, any component is eventually connected to X v 1 . Thus G, or equivalently X ′ , is connected. Furthermore, since G does not contain loops, a vertex v ∈ V (G) j is adjacent only to vertices in V (G) j±1 , and v is adjacent to a unique vertex in
From the connectedness of G and Claim 3.4, we see that ϕ(f (X v )) ∩ D consists of the same point ϕ(f (Q)). This is also true for X i with i > r + s ′ , hence the assertion
Xv (D) consists of one point R v . It is easy to see that ϕ • f | Xv is a stable morphism to Z, so the assertion (2) holds.
We see the assertion (4c) by a descending induction on j. If j = n + 1, the assertion is clear. Assume that it is true for j + 1. Then the first equality for j follows from the predeformability. We already know that f | *
) has one point R v (resp. Q) as the support. The multiplicity is the degree of X v → f (X v ), so it is equal to uv µ(u).
Assume that X = X ′ and let X ′′ be a connected component of X \ X ′ . Since p a (X) = 0 and X ′ is connected, X ′ and X ′′ intersect at one point. Thus deg ω X | X ′′ < 0, which contradicts the assumption that f is stable as a morphism to Z[n]. Thus (4') holds.
By the stability as a relative prestable morphism to Z rel , it follows that for any j ≤ n there exists a vertex v ∈ V (G) j which is adjacent to at least two vertices in V (G) j+1 . This is the condition (3) of Definition 3.2, so (4") holds.
Corollary 3.5. Let the notations and assumptions be as in Lemma 3.3. Let ϕ(f (X)) = C 1 ∪ · · · ∪ C s be the irreducible decomposition, and assume further that D.C i > 0 for all i.
(1) We have r ≥ s, X 1 , . . . , X r are isomorphic to
• n = 1.
• X is a chain of smooth rational curves X 1 , X 0 and X 2 in this order.
• For i = 1 or 2, C i is the image of X i , and ϕ • f | X i : X i → Z is a normalization map and belongs to M
(5) If the assumptions of (2) and (4) or (3) and (4) 
D consists of one smooth point, and our assumption implies that there can be only one irreducible component of X i on which f is nonconstant. From the stability, it follows that X i is irreducible, i.e. isomorphic to P 1 . In particular, the number s of irreducible components of ϕ(f (X)) is at most r.
(2) We have r = 1 from (1). It is easy to see that G n,1 is empty for n > 0, and that G 0,1 has a unique element (G, λ, ρ) with V (G) = {v}, λ(v) = 1 and ρ(1) = v. The assertion follows from Lemma 3.3 (4).
(3) We have r = 2 from (1). It is easy to see that G n,2 is empty for n = 1, and G 1,2 has a unique element (G, λ, ρ) with V (G) = {v, w 1 , w 2 }, λ(v) = 1, λ(w i ) = 2 and ρ(i) = w i . The assertion follows from Lemma 3.3 (4).
(4) Assume that (ϕ • f ) * X deforms in M. Our assumptions hold also for small deformations, and we may assume that there is an irreducible component C i that really moves. By (1), we have a smooth curve B, a ruled surface π : S → B and a dominant morphismf : S → Z such that D ′ := (f −1 D) red is a section over B and the image of a ruling is in the class of C i . We have
, and if F is a general fiber of π, we have
The image cycle does not deform by (4), and the relative stable morphism is determined by its image by (2) and (3). 3.2. Preparation. Now let the notations and assumptions be as in Theorem 1.4. We write β for β 1 + β 2 and assume that
It is isolated and has no nontrivial automorphisms, hence M β is a scheme of finite length at [f ].
Proof. In fact, one may replace the assumption (C 1 .C 2 ) P = min{D.C 1 , D.C 2 } by C 1 = C 2 in this lemma.
If f satisfies the condition, then (ϕ • f ) * X = C 1 + C 2 and Corollary 3.5 (3) and (5) imply that [f ] is unique and isolated. Consider an automorphism of f formed by r 1 : X → X and r 2 : Z[1] 0 → Z[1] 0 . Since C 1 = C 2 , the automorphism r 1 preserves the irreducible components. For i = 1 and 2, ϕ • f | X i is generically injective and so r 1 | X i is the identity map. The automorphism r 1 | X 0 preserves R 1 , R 2 and Q, so it is the identity map. It follows that r 2 is also the identity map.
Conversely, it is easy to see that one can construct f as in Corollary 3.5, and that it belongs to M β .
Write M for the one-point scheme [f ] ∈ M β . We will study the structure of M by an explicit calculation. As a preparation, let us fix coordinate systems.
Let (w 0 , w 1 ) beétale coordinates on an affine open neighborhood W of P such that
Let w 2 be an inhomogeneous coordinate on P 1 , w 3 = (w 2 ) −1 the coordinate near the point at infinity. As before, let t denote the coordinate on A 1 . Define In order to deal with the deformations of X, we make it stable by adding ordinary marked points. The moduli scheme M 0,5 of 5-marked genus 0 stable curves has a point corresponding to our curve X = X 1 ∪ X 0 ∪ X 2 , with markings P 1 , P 2 ∈ X 1 , Q ∈ X 0 and P 3 , P 4 ∈ X 2 . We have the following description for the formal neighborhood M of [X] ∈ M 0,5 , the universal curve X over M and the marked sections Q and P i extending Q and P i .
(1) M is a formal 2-disk with coordinates µ 1 and µ 2 .
and {z i1 = 0} ⊂ U i are patched by z i0 = 1/z i1 , and • {z 12 = 0} ⊂ U 1 and {z 22 = 0} ⊂ U 2 are patched by z 12 = 1/z 22 (and
Let 0 be the closed point of M and denote the fiber (
for the corresponding open subspace of X . Denote f −1 (W ) by V . We may assume that P 1 , P 4 ∈ V . Write
and denote the corresponding open subspaces of X by V and V i . Let A be the coordinate ring of the affine variety
where σ 1 = 1 and σ 2 = (−1) d 1 +d 2 . By the assumptions, we have A 1 (0) = A 2 (0) and B i (0) is nowhere zero. We have A i ′ (0) = 0 if d i > 1, and we assume the same also when d i = 1 by making a coordinate change.
Let A ′ be the coordinate ring of the affine variety
Then f | V 0 is given by a ring homomorphism A ′ → O X (V 0 ) with
′ the subspace ofM formed by morphisms which map P i to H i ,M ′′ the subspace ofM ′ formed by morphisms which map Q ′ to H ′ . ThenM → M andM ′ → M are smooth of relative dimensions 5 and 1, and
Since f has no nontrivial automorphisms, it is an isomorphism at [f ] .
At
st is smooth of relative dimension 4, corresponding to the degree of freedom of marked points. ThusM → M is smooth of relative dimension 5, andM ′ → M is smooth of relative dimension 1.
Since
So, we study how (f, P 1 , . . . , P 4 ) deforms inM. Note that infinitesimal deformations of f | V can be given by lifting w i , for w 0 , w 1 areétale coordinates on W .
). This will be sufficient since the tangent space to M is at most 1-dimensional as we will see later.
A deformation of [f, P 1 , . . . , P 4 ] ∈M over S is given by morphisms µ :
where we denote the residue class of s by the same symbol. For brevity, we write X for X S , etc.
Let w ij =f * w j | V i . From the predeformability, one can write
We expandÃ i ,B i andC i as
Let us write down the conditions. Lemma 3.8. The above data give a family inM if and only if the following hold.
(1) (Central fiber) Restricting to s = 0, we have f . The morphism V ∩ X
• i → W given by w i0 and w i1 extends to a morphism X
w 11 w 12 = w 21 w 22 = t.
3.4. Central fiber. Setting s = 0, the condition (1) of Lemma 3.8 is equivalent to
This must be a constant by the predeformability (Lemma 3.8, (7)), so we have the following.
Lemma 3.9. The predeformability holds modulo s if and only if
In particular, B
Thus the 0-th order terms
i,j and C
i,j are uniquely determined. 3.6. Extending deformations. In this and the following subsections, we assume that {A
i,j } k<n satisfies the conditions modulo s n . Denote byf ′ the corresponding family of relative stable morphisms over S n−1 . Let us rewrite the conditions of Lemma 3.8 for A 
A,i (z i2 ) belongs to C[1/z i2 ] and is determined by {µ 
(with a freedom of dimension 1) such that the condition (3) of Lemma 3.8 is satisfied for any choice of the remaining data.
Proof. Let us introduce
D (k) i,j by (1 − z i2 ) d 1 +d 2C i = n k=0 s k D (k) i,0 + z i1 D (k) i,1 (z i1 ) + z i2 D (k) i,2 (z i2 ) .
Note that {C (k)
i,j } j=0,1,2,k≤m and {D (k) i,j } j=0,1,2,k≤m determine each other. We have
and
We see that R 
Thus we obtain the result. Lemma 3.12.
(1) For n = 1, the condition (4) of Lemma 3.8 is satisfied if and only if there exists a polynomial c i (z i1 ) of degree at most 2 such that
(1)
(2) For n > 1, let A (n) i,0 be arbitrarily fixed. Then one can find µ
and B
(n)
i,1 (z i1 ) for which the condition (4) of Lemma 3.8 is satisfied.
to the n-th order correspond to sections of a torsor over (f *
. To study the extensions near R i , we look at the following sheaf.
Lemma 3.13. Let E i be the subsheaf of f * i T Z spanned by f * i T Z (− log D) and T X i .
(1) The sheaf E i can also be described as the sheaf spanned by f *
(2) There is a commutative diagram with exact rows and columns as follows.
(1) Direct calculations.
(2) We have the exact sequence in the first row since f i is immersive, and the assertion is easy to prove.
(3) follows from (2).
Lemma 3.14. Let F i be the sheaf on X i defined as follows:
to the n-th order whose expansion near R i is given by
Then F i is a torsor over E i . If n = 1, F i is naturally isomorphic to E i .
Proof. In the usual
B,i (z i1 ) = 0 and so the natural isomorphism
Let us return to the proof of Lemma 3.12. For n = 1, the vector v i defined as
i,1 (z i1 ) ∂ w 1 must extend to a section of E i , and so comes from a section of T X i . In other words, there exists a polynomial c i (z i1 ) of degree at most 2 such that
For n > 1, F i is a trivial torsor since H 1 (E i ) = 0. So it has a section, and by adding an appropriate multiple of (f i ) * ∂ z i1 , we have a section with the desired A (n) i,0 . This determines W 0 (z i1 ) and W 1 (z i1 ) in the previous lemma. Since B (0) i,2 (0) = 0 by Lemma 3.9, we can find µ 
i,1 (z i1 ) such that the condition (7) of Lemma 3.8 is satisfied.
Proof. We have only to look at the coefficient of s n in the expansion ofB iCi , which is
i,1 (z i1 ) such that the above expression belongs to C. Proof. The previous lemma says that the fiber over (µ
2 ) = (0, 0) is a reduced point. SinceM
′′ is the spectrum of a local ring which is finite dimensional as a Cvector space, the morphismM ′′ → M is a closed immersion.
So we assume (µ
2 ) = (0, 0) from now on. Lemma 3.21. (1) If the conditions of Lemma 3.8 are satisfied with n = 1 and (µ
The tangent space toM ′′ is at most 1-dimensional. ThusM ′′ is isomorphic to S n for some n.
Proof. (1) By the equality (2) in the proof of the previous lemma and Lemma 3.9, we see that (c 1 (0), c 2 (0)) = (0, 0). Using Lemma 3.9 and Lemma 3.10, we have
2,2 (0)
From the concrete form of 2 ) = (0, 0), then n < d 1 .
In particular,M ′′ is reduced if d 1 = 1.
2 ) d 1 B 2 (0), and the previous lemma gives
This implies that the intersection multiplicity of C 1 and C 2 at P is greater than d 1 , which contradicts the assumption. Proof. We deform (f, P 1 , . . . , P 4 ) inM.
Let (µ
1 , µ
2
0)), and take any c i (z i1 ) satisfying equality (2) in the proof of Lemma 3.19. Then one can find A
i,0 and B
i,1 (z i1 ) satisfying the conditions of Lemma 3.12(1). By our choice of (µ Then conditions (2), (3), (4) of Lemma 3.8 are satisfied. By Lemma 3.15 and Lemma 3.16, conditions (5) and (6) are always satisfied.
Finally, B
i,2 (z i2 ) and C
i,1 (z i1 ) can be chosen to satisfy (7) by Lemma 3.17. Since X is a non-trivial family over S 1 , the induced morphism S 1 → M is nonconstant.
3.8. Conclusion. For d 1 > 1, we will show that M is isomorphic to S d 1 −1 . It is sufficient to show that there is a family over S d 1 −1 belonging toM such that the tangent map of the induced morphism S d 1 −1 → M is nonzero. We have already shown that there is a nontrivial first order deformation, so the problem is reduced to the following lemma.
Lemma 3.24. If 1 < n < d 1 and a family inM over S n−1 is given, then it can be extended to a family over S n .
Proof. Similar to the proof of the previous lemma. Just note that A (n) 1,0 and A (n) 2,0 can be arbitrarily chosen by Lemma 3.12(2) and so Lemma 3.10 can be applied.
Rational quartics with full tangency to a cubic
As a check on our formula, let us look at rational plane curves of low degrees with full tangency to a smooth cubic.
Let Z be the projective plane P 2 and D a smooth cubic. The genus 0, degree d, full tangency relative Gromov-Witten invariants I d of (Z, D) were calculated in [G] . In small degrees, the invariants are I 1 = 9, I 2 = 135/4, I 3 = 244, I 4 = 36999/16. Now let us describe the set of image curves of relative stable morphisms. Let H denote a line in P 2 .
Definition 4.1. For a positive integer d, letM d denote the image of the natural map from
Denote by M d and M d,P the subsets ofM d andM d,P consisting of irreducible and reduced curves.
In the following, let us denote the normalization of a variety X by X ν . We choose a flex O ∈ D and regard D as a group with the zero element O. (2) We haveM
and only if it is irreducible and reduced and (C
(2) Let C be an element ofM d . By Corollary 3.5(1), we have morphisms
i D consists of one point and C = e i C i , where
comes from a relative stable morphism f , then by Corollary 3.5(2) the domain of f is isomorphic to P 1 , the target is Z and f is a normalization morphism for C. Since f −1 (D) consists of one point, we have (C \ D) ν ∼ = A 1 . Conversely, assume that C is an irreducible and reduced curve of degree d such that
Proposition 4.3. (1) If P is a flex,M 1,P = M 1,P consists of a line.
(2) If P is a flex,M 2,P consists of a double line. If P is a 6-torsion which is not a flex,M 2,P = M 2,P consists of a smooth conic.
(3) If P is a flex,M 3,P consists of a triple line and 2 nodal cubics (resp. 1 cuspidal cubic) if D ∼ = (y 2 = x 3 − 1) (resp. D ∼ = (y 2 = x 3 − 1)). If P is a 9-torsion which is not a flex,M 3,P = M 3,P consists of 3 nodal cubics.
Proof. (Outline) By the previous proposition, we have only to know M d .
If the degree d is 1 or 2, there is a unique effective divisor C such that C| D = 3dP , and the assertions are easy to see.
If d = 3, the set Λ = {C: effective divisor with C| D = 9P } ∪ {D} is a linear pencil, and we obtain a rational elliptic surface f : F → P 1 by resolving the base points. There is a unique member C 0 of Λ which is singular at P . If P is a flex (resp. P is not a flex), C 0 is a triple line (resp. an irreducible cubic with a node at P ). The corresponding fiber of f has Euler characteristic 10 (resp. 9), and it follows that M 3,P has two nodal cubics or one cuspidal cubic (resp. three nodal cubics or one nodal cubic and one cuspidal cubic). A little more detailed analysis shows the assertions. See [T, Propositions 1.4 and 1.5] .
There are 9 flexes on D, and soM 1 = M 1 consists of 9 lines. This coincides with I 1 = 9.
In degree 2, there is a double line at each flex P , contributing M 3 [2] = 3/4. There are 27 points P with 3P ∼ 3O and 6P ∼ 6O, and so M 2 consists of 27 conics. They sum up to 9 × 3/4 + 27 = 135/4 = I 2 .
For cubics, we similarly have
Proposition 4.4. Let D be a general cubic.
(1) If P is a flex,M 4,P consists of • 1 quadruple line,
• 2 reducible curves of the form L + C where L is the tangent line at P and C is an element of M 3,P , and • eight immersed rational curves in M 4,P .
(2) If P is a 6-torsion which is not a flex,M 4,P consists of
• 1 double conic and • 14 immersed rational curves in M 4,P .
(3) If P is a 12-torsion which is not a 6-torsion,M 4,P = M 4,P consists of 16 immersed rational curves.
Proof. Let
We have only to show that M 4,P contains 8, 14 or 16 curves if P ∈ T 1 , T 2 or T 3 respectively, and that they are immersed.
We use the following cover to count the curves.
Lemma 4.5. Let π : Y → Z be the triple cover totally ramified over D and unramified elsewhere, and let
. . , 6) the exceptional curves and P i = g(E i ). 
Then C → π(C) defines a 3-to-1 mapM d,P → M d,P , and the morphism C → π(C) is birational and unramified outside D Y .
(3) The exceptional curves E i are lines and π maps them isomorphically to flex tangent lines.
Replacing O by another flex and renumberin P i if necessary, there is an isomorphism θ :
2 of groups such that
(1) If D is defined by a homogeneous cubic polynomial F (x, y, z) = 0, then Y can be described as F (x, y, z) = w 3 and D Y as w = 0. It is easy to see that Y is smooth.
Since π is totally unramified over D, the morphism D Y → D is an isomorphism. It is well known that a smooth plane section of a smooth cubic surface is mapped isomorphically to a smooth plane cubic by a blow-down to the projective plane.
(2) Let C 1 be an element ofM d,P and C = π(C 1 ). Then C → C 1 is unramified outside D Y , and it follows that
Therefore it is an isomorphism, and C belongs to M d,P .
Conversely, let C be an element of M d,P andC = π −1 (C). The morphismC ν → C ν is of degree 3 and unramified except over one point. Thus it is a trivial 3-sheeted cover, andC is decomposed into 3 components C 1 , C 2 and C 3 , each mapping birationally to C. Since C i are exchanged by the action of the Galois group, we have deg Let O = P 1 and choose a flex O ′ of D ′ . Since E i are disjoint, P i are all different. They are flexes on D and so there are 3 remaining flexes, which we denote by Q 1 , Q 2 and Q 3 .
Let C 1 , C 2 and C 3 be lines on Y through Q 1 and let L j = g(C j ). They are lines since they have positive degrees and the sum of degrees is 3. Thus L j | D ′ = Q 1 + P a j + P b j for some a j = b j . We have 3(P a j + P b j − 2O) ∼ 0 since P i are 3-torsions, and the class of
′ since L j and L j ′ pass through Q 1 . It follows that 6 i=1 P i ∼ 6O and Q 1 + Q 2 + Q 3 ∼ 3O. Therefore we can find θ : D ∼ = (R/Z) 2 such that {θ(Q 1 ), θ(Q 2 ), θ(Q 3 )} = {(p/3, 2/3)|p = 0, 1, 2}. We can renumber P i as in the assertion.
′ it follows that O ′ is a 9-torsion. If it were a 3-torsion, we would have P 1 + P 2 + P 3 ∼ 3O ′ . Thus P 1 , P 2 and P 3 lie on a line in Z ′ , which contradicts the fact that D Y is ample. Consequently, O ′ is of order 9. Let θ 2 denote the composition of θ and the second projection. From the fact that θ(P a j ) + θ(P b j ) is independent of j, it follows that θ 2 (P a j ) + θ 2 (P b j ) = 1/3. We know that θ 2 (Q 1 ) = 2/3, so θ 2 (O ′ ) is a 3-torsion. By replacing θ and O ′ , we may assume that θ(O ′ ) = (1/9, 0).
Lemma 4.6. Let C be an irreducible and reduced curve of degree 4 on Y and write
for the unordered sequence [a 1 , . . . , a 6 ]. Then the pair (e, [a] ) is contained in the following list. The column "p a " gives the arithmetic genera and "#" the numbers of ordered sequences (a 1 , . . . , a 6 ). If p a = 0 (resp. p a = 1), there exists a blowdown g
and in particular 2 ≤ e ≤ 9. Solving (e.g. by an exhaustive search)
under the conditions 0 ≤ a i ≤ 4, 2 ≤ e ≤ 9 and (3), we obtain the list. If p a = 0 and e > 2 or p a = 1 and e > 3, one can find pairwise distinct i, j and k such that a i + a j + a k > e. By replacing Z ′ by its quadratic transform with fundamental points P i , P j and P k , we can make e smaller, hence the second assertion.
Lemma 4.7. If D is a general cubic and C is an element of M 4,P , then C is immersed.
Proof. Since P ∈ C has only one analytic branch, it must be either a smooth point, an ordinary cusp or a cusp of type η 3 = ξ 4 . From (C.D) P = 12, it follows that C is smooth at P .
If D ′ is another smooth cubic such that (C.
Thus it suffices to show that there are finite possibilities (up to projective equivalence) for non-immersed quartics C and smooth points P ∈ C such that there exists a cubic D smooth at P with (C.D) P = 12.
We have C = π(C 1 ) for some C 1 ∈M 4,P and C 1 is mapped to a conic or a cubic by a blowdown Y → P 2 . Since π| C 1 is unramified outside D, the possibilities are as follows. (1) C has 2 nodes and 1 cusp.
(2) C has 1 tacnode and 1 cusp. (3) C has a singular point with one smooth branch and one cuspidal branch.
Let ν : P 1 → C be the normalization. Let (s : t) be a homogeneous coordinate on P 1 , and for x ∈ C ∪ {∞} denote by [x] the point (s : t) with t/s = x. For a, b ∈ C ∪ {∞}, write P a,b for the nodal rational curve obtained by gluing [a] and [b] , P a for the curve obtained by making [a] a cusp. Write [x] also for the image of [x] ∈ P 1 in P a etc. In case (1), write Q and R for the nodes and S for the cusp. We may assume that ν −1 (Q) = {0, 1}, ν −1 (R) = {a, b} and ν −1 (S) = {∞}. Let p correspond to P . Denote by L 0 , L 1 and L 2 the lines RS, SQ and QR. Considering the pullbacks of L i , we see that ν is determined to be (s 2 (t − as)(t − bs) : s 2 t(t − s) : t(t − 1)(t − as)(t − bs)) up to projective equivalence.
From 
Eliminating p, clearing fractions and calculating the greatest common divisor of the resulting polynomials, we see that the solutions are finite outside
Take (p, a, b) from this set. We assume that it gives a curve C satisfying the conditions and draw a contradiction. Let H be a general line and h = H| C . Then 4[p] is linearly equivalent to the pullbacks of h on P ∞ , P 0,1 and P a,b . Thus there are rational functions f 1 , f 2 and f 3 which are regular and nonzero at Q, R and S, respectively, such that (f i ) = 4[p] − ν * h on P 1 . They differ only by nonzero constant factors, so we conclude
In case (2), we may assume that ν −1 (tacnode) = {0, 1} and ν −1 (cusp) = {∞}. Let L 0 be the tangent line at the cusp, L 1 the line joining the cusp and the tacnode and L 2 the tangent line at the tacnode. Let a ∈ P 1 correspond to the fourth intersection of L 0 and C, and p to P . Then ν is determined to be (s
So there are finite possibilities for a and p.
In case (3), we may assume that 0 and ∞ correspond to the smooth and cuspidal branches, respectively. Let L 0 be the tangent line to the cuspidal branch and L 1 the tangent line to the smooth branch.
The dual curve of any quartic curve must be singular, since the dual of a smooth curve cannot be of degree 4. This means that C has a tangent line
It is clear that L 2 does not pass through the singular point, and so we may assume that b = 1 and a = 0, 1, ∞. Now ν is determined to be (s 3 t : s 2 t 2 : (t − as) k (t − s) 4−k ) up to projective equivalence (and a is irrelevant if k = 0).
From D ∼ 3L 2 , we have 12[p] ∼ 3k[a] + 3(4 − k)[1] on P ∞ and P 0,∞ , hence 12p = 3ka + 3(4 − k) and p 12 = a 3k . So there are finite possibilities for p, and a is determined by p if k = 0.
Lemma 4.8. Let D be general. Then #M 4,P depends only on the index i such that P belongs to T i .
Proof. In fact, if P and P ′ belong to the same T i , they can be related by projective equivalence and monodromy.
Thus we have only to calculate N i = P ∈T i #M 4,P Lemma 4.9. Let A = e · g * H − a i E i , where (e, [a] ) is in the list of Lemma 4.6. (1) If p a (A) = 0, |A| has 1 curve contributing to N 1 , 3 curves contributing to N 2 and 12 curves contributing to N 3 .
(2) If p a (A) = 1, |A| has no curve contributing to N 1 , 6 × 3 curves contributing to N 2 and 8 × 12 curves contributing to N 3 .
Proof. It suffices to consider the cases (e, p a ) = (2, 0) and (e, p a ) = (3, 1).
(1) Write A = 2g * H − E i − E j and let T = {P ; 4P ∼ A| D Y }. An element of T is a 12-torsion since A| D Y ∼ 6O ′ − P i − P j , and one can find a 3-torsion in T by adding a 4-torsion. Thus T contains 1 element of T 1 , 3 elements of T 2 and 12 elements of T 3 .
Let P be any element of T . Then there is a unique effective divisor C ⊂ Z ′ of degree 2 such that C| D ′ = P i + P j + 4P . If C were reducible or non-reduced, we would have 3P ∼ P i + P j + P ∼ 3O ′ or P i + 2P ∼ P j + 2P ∼ 3O ′ . In the former case, one has P ∼ 3O ′ − P i − P j and 3O ′ ∼ 3P ∼ 9O ′ − 3P i − 3P i ∼ 3O, which is a contradiction. The latter is also impossible because P i = P j . Thus C is irreducible and reduced, and contributes toM 4,P .
(2) Write A = 3g * H − E 1 − · · · −Ě i − · · · − E 6 and let T = {P ; 4P ∼ A| D Y }. Then T contains P i , and so T is the set of points P such that P − P i is a 4-torsion.
Let Λ = {C ⊂ Z ′ ; C| D ′ = 4P + P 1 + · · · +P i + · · · + P 6 } ∪ {D ′ }. This is a linear pencil. If C ∈ |A|, then g * C ∈ Λ and C = g * g * C − E 1 − · · · −Ě i − · · · − E 6 . If P = P i , then any C ∈ Λ passes through P i and the corresponding curve g * C − E 1 − · · · −Ě i − · · · − E 6 ∈ |A| is reducible. Thus there is no contribution toM 4,P .
Claim 4.10. If P − P i is of order 2, Λ contains exactly one element which is not irreducible and reduced, and it is of the form C 1 + C 2 with C 1 | D ′ = 2P + P i 1 and C 2 | D ′ = 2P + P i 2 + · · · + P i 5 .
If P − P i is of order 4, Λ contains no reducible or non-reduced element.
Proof. Assume that C = C 1 + C 2 with deg C i = i. Since no three of P i 's lie on a line in Z ′ , k = (D ′ .C 1 ) P is not zero, and kP + 3−k j=1 P i j ∼ 3O ′ holds. Multiplying by 3, we have 3k(P − P i ) ∼ 0, and therefore k = 2 and P − P i is of order 2. If P − P i is of order 2, then we have 2P + P i 1 ∼ 3O ′ for the index i 1 such that
There is a unique element C 0 of Λ which is singular at P , since being singular at P is a linear condition. If P − P i is of order 2, this is C 1 + C 2 above. If P − P i is of order 4, then C 0 is irreducible, and from (C 0 .D ′ ) P = 4 it follows that the singularity at P is a node whose branches intersect D ′ with multiplicities 1 and 3. Let F be the surface obtained by blowing up P 1 , . . . ,P i , . . . , P 6 and the 4 consecutive infinitely near points on D ′ over P . This is a resolution of base points of Λ, and we have an elliptic fibration f : F → P 1 . The Euler characteristic of the fiber corresponding to C 0 is 6 or 4 if the order of P − P i is 2 or 4, respectively.
The other singular fibers of f correspond to members of Λ which are singular on Z ′ \ D ′ . They are nodal by Lemma 4.7. Since the Euler characteristic of F is 12, there are 6 or 8 such curves if the order of P − P i is 2 or 4, respectively. They are smooth at P 1 , . . . ,P i , . . . , P 6 and P , and so they give elements ofM 4,P .
Since there are 3 points of order 2 and 12 points of order 4, the assertion was proved.
The list has 216 divisor classes with p a = 0 and 27 classes with p a = 1, and so we have N 1 = 216 × 1 + 27 × 0, N 2 = 216 × 3 × 1 + 27 × 3 × 6, and N 3 = 216 × 12 × 1 + 27 × 12 × 8.
SinceM 4,P → M 4,P is 3-to-1 and curves are evenly distributed in T i , we have #M 4,P = N i /(3 × #T i ), and it is calculated to be 8, 14 or 16 if i = 1, 2 or 3. Remark 4.11. Let L denote the line bundle over P 2 associated to O P 2 (−3), and let K n denote the genus 0, degree n local Gromov-Witten invariant of L. By [CKYZ] and [G] , I n = (−1) n−1 3nK n holds. The multiple cover formula for L suggests one to consider M 
